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Abstract. Recent developments of high-reputation-rate X-ray free electron lasers (XFELs)
such as European XFEL and LSCS-II, combined with coincidence measurements at the
COLTRIMS–Reaction Microscope, is now opening a door to realize a long-standing
dream to create molecular movies of photo-induced chemical reactions of gas-phase
molecules. In this paper, we theoretically propose a new method to experimentally visualize
dissociation of diatomic molecules via time-resolved polarization-averaged molecular-frame
photoelectron angular distributions (PA-MFPADs) measurements using the COLTRIMs–
Reaction Microscope and two-color XFEL pump-probe set-up. The first and second order
scattering theories with the Muffin-tin approximation give us simple EXAFS type formula for
the forward and backward scattering peaks in the PA-MFPADs structure. This formula acts
as an experimentally applicable “bond length ruler” by adjusting only three semi-empirical
parameters from the time-resolved measurements. The accuracy and applicability of a new
ruler equation are numerically examined against the PA-MFPADs of CO2+ calculated by
Full-potential multiple scattering theory as a function of the C-O bond length reported in the
preceding work [1]. The bond lengths retrieved from the PA-MFPADs via the EXAFS formula
well reproduce the original C-O bond lengths used in the reference ab-initio PA-MFPADs with
accuracy of 0.1 Å. We expect that time-resolved PA-MFPADs will be a new attractive tool to
make molecular movies visualizing intramolecular reactions.
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1. Introduction
Visualizing structural changes of molecules in reac-
tions in real time has been a long-standing dream in chem-
ical physics, physical chemistry, and biochemistry [2, 3].
Especially to see structural changes of photoexcited free
molecules is of fundamental interest but still a challenge.
An X-ray free electron laser (XFEL) that delivers extremely
short X-ray pulses down to a few femtoseconds [4] and a
mega-electron-volt ultrafast electron diffraction (UED) sys-
tem [5] at SLAC opened new pathways to investigate these
structural changes in real time [6, 7].
As an alternative approach, time-resolved photoelec-
tron diffraction (PED) employing an XFEL as a photoion-
izing source was proposed [8, 9]. PED is a well-established
technique as an analytic tool in surface science [10], where
the directions of core-level photoelectrons emitted from a
specific site are measured relative to the sample orienta-
tions. In the gas-phase PED experiments, the molecular
axis needs to be fixed in space. In case of synchrotron ra-
diation experiments, this may be realized by detecting frag-
ment ions in a momentum-resolved manner and core-level
photoelectrons are measured in coincidence with these frag-
ment ions, using a COLTRIMS–Reaction Microscope [11].
These measurements provide us with photoelectron angu-
lar distributions in molecular frame (MFPADs), which is
equivalent to PED. Indeed, extractions of the three dimen-
sional structure defined by the direction of the bonds [12]
and the bond length [13] from the measured polarization-
averaged MFPADs (PA-MFPADs) have been demonstrated.
Some attempts towards time-resolved MFPADs measure-
ments with XFELs were reported [14, 15, 16, 17] but there
has been no report on time-resolved studies of molecular
structural changes so far due to complexity of the time-
resolved MFPADs measurements with XFELs. Coinci-
dence experiments well established for measuring MFPADs
with synchrotron radiation as a light source were practically
impossible with low repetition-rate XFELs and, as a result,
three different lasers, one for actively arraying the molecule
in space, one for exciting the molecule to initiate a reaction,
and XFEL as a light source for the MFPADs measurements
had to be operated in a synchronized manner [14].
The first high repetition-rate XFEL, European XFEL
[18], has just started operation for users. The high repetition
rate of the European XFEL finally opened the door to
the coincidence experiments with COLTRIMs–Reaction
Microscope, routinely used for MFPADs measurements,
and Kastirke et al. [19] has just reported the first successful
implementation of this technique on the soft X-ray beam
line of the European XFEL. In the USA, LCLS-II will
soon start high repetition-rate operation in the soft to
tender X-ray regions [20]. Furthermore, two-color XFEL
operations, such as carbon 1s and oxygen 1s ionization,
will be available at European XFEL [21] and LCLS-
II [20]. These two-color operations combined with the
COLTRIMs–Reaction Microscope will provide us with
another attractive pathways to make molecular movies
visualizing intramolecular reaction that occurs, e.g., in
dicationic states.
In the present work, we consider the process that
the first XFEL pulse produces CO2+ via Auger decay
that follows core ionization of CO and then the second
XFEL pulse kicks out the oxygen 1s electron in CO2+.
We derive analytical EXAFS-type expressions for the
backward-forward scattering peaks within the first and
second order scattering theories with the Muffin-tin
approximation. Employing the Full-potential multiple
scattering PA-MFPADs data reported in a preceding
paper [1], we introduce parametrization formula for
describing the EXAFS-like oscillation in the ratios of the
forward-backward intensities, with three semi-empirical
parameters, which take account of the effects from Full-
potential multiple scattering to PA-MFPADs and thus
may be used for extraction of the bond length from the
experimental PA-MFPADs, which varies as a function of
pump-probe delay.
2. Analytical expression for PA-MFPADs to study
dynamics of dissociating CO2+
In this section, we derive analytical formulas for
extracting information of C-O bond length during the
dissociation process. We first show PA-MFPADs calculated
by using our Full-potential multiple scattering theory to
see the details of PA-MFPADs patterns with changing
C-O bond length. The details of the theory is found
in the preceding paper of Ref. [1]. Then, we derive
analytical expressions for the ratio of backward-intensity
to forward-intensity in Section 2.3 as a function of C-O
bond length based on single-scattering and the Plane Wave
approximation within the Muffin-tin approximation.
2.1. Numerical results of PA-MFPADs with Full-potential
multiple scattering theory for dissociating CO2+
The formula we used for the computations of PA-
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Figure 1. Oxygen 1s PA-MFPADs of CO2+ calculated by the Full-potential multiple scattering method as a function of C-O bond length R in Å. We
choose photoelectron energy as 100 eV. For the detail, see the preceding paper [1].
MFPADs with the momentum k of photoelectron is
〈I(k)〉ε = 8pi
2α~ω
3
1∑
n=−1
∑
mc
∣∣∣∣∣∣∣
√
4pi
3
∑
LL′
B i∗L (k)
×C(L, 1n, Lc)
∫
dr r3 RL′L(r; k) R cLc (r)
∣∣∣∣∣∣∣
2
, (1)
where
B i∗L (k) = =
∑
jL′
τ
i j
LL′ I
j
L′ (k), (2)
and
τ ≡
(
T−1 −G
)−1
= T (1 −GT )−1 , (3)
I iL(k) ≡
√
k
pi
eik·RioYL(kˆ). (4)
i and j are used to indicate scattering sites i and j. α
is the fine structure constant, Rio is the vector from the
origin to the center of a scattering site i and YL is real
spherical harmonics with the angular momentum L = (l,m).
In the second line of equation 1,C(L, 1n, Lc) is the Gaunt
coefficient of real spherical harmonies and the rest is the
radial integral between the local solution and core wave
function. In equation 3, T is the transition operator (or
scattering T matrix) and G is the KKR structure factor
which is the matrix form expanded in scattering sites and
angular momentum [22, 23]. More details are reported in
the preceding paper [1] of this series papers.
Figure 1 depicts PA-MFPADs calculated with chang-
ing the C-O bond length R using our Full-potential multi-
ple scattering method mentioned above, where the electron
charge density was calculated at the RASPT2/ANO-RCC-
VQZP level of theory as implemented in MOLCAS 8.2 [24]
for a major excited state 1σ−15σ−2 (i.e. O 1s−1 HOMO−2)
of the Auger final state [25]. The kinetic energy of pho-
toelectron is chosen as 100 eV, where the zero of energy
is defined at the interstitial potential V0 which is the aver-
age of the potential of the scattering cells. The forward-
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intensity peak towards the carbon atom has a large lobe
due to the focusing effect. The backward-intensity peak
lobe in the opposite direction oscillates as a function of
R. This oscillation corresponds to the EXAFS oscillation.
Thus PA-MFPADs certainly exhibit the information about
the bond length in its shape. We will hereafter derive ana-
lytical EXAFS-like formula that can be used for extracting
the C-O bond length from the PA-MFPADs.
2.2. Single and double scattering approximations with the
Muffin-tin approximation
In this subsection, we formulate the PA-MFPADs
intensity by using the Muffin-tin approximation, in which
the electrostatic potential and charge density are spherically
averaged on each scattering site and their anisotropies
are neglected, in order to analytically study relationship
between PA-MFPADs pattern and the C-O bond length in
the following subsections.
In the framework of the Muffin-tin approximation, the
radial part of local solution RLL′ (ri; k) and the transition
matrix T iLL′ only depend on angular momentum l,
RLL′ (ri; k)→ Rl(ri; k) δLL′ (5)
T iLL′ → T il δLL′ (6)
Thus, the intensity of PA-MFPADs becomes
〈I(k)〉ε ∼ 8pi
2α~ω
3
1∑
n=−1
∑
mc
∣∣∣∣∣∣∣
√
4pi
3
∑
L
B i∗L (k)
×
∫
dr r3 Rl(r; k) R cLc (r) C(L, 1n, Lc)
∣∣∣∣∣∣∣
2
=
8pi2α~ω
3
1∑
n=−1
∑
mc
∣∣∣∣∣∣∣√4pi∑L B i∗L (k)M lLc
∣∣∣∣∣∣∣
2
(7)
where M lLc ≡ (1/3)1/2
∫
dr r3 Rl(r; k) R cLc (r) is the transition
matrix. In this study, we consider the photoemission from
oxygen 1s core orbital, Lc = (0, 0), so that
〈I(k)〉ε ∼ 8pi
2α~ω
3
∣∣∣M 100∣∣∣2 1∑
n=−1
∣∣∣B i1n(k)∣∣∣2 . (8)
For sufficiently high kinetic energy of photoelectron and
long bond length, namely large kR, the spectral radius
of matrix GT in equation 3 becomes less than one, i.e.
ρ(GT ) < 1. [26] Under this condition, we can apply the
series expansion to the multiple scattering matrix τ,
τ = T (1 −GT )−1 ≈ T + TGT + TGTGT + · · · . (9)
The first term is related to the direct photoemission from
the X-ray absorption atom and the second term includes
all the contributions of scattering paths for single-scattering
process, and in the same way the higher terms have higher
order scatterings.
Further, for simplification to help the understanding of
PA-MFPADs, we introduce the Plane Wave approximation
[27] for the KKR structure factor Gi jLL′ ,
Gi jLL′ ∼ − 4pi i l−l
′ eikRi j
Ri j
YL(Rˆi j)YL′ (Rˆi j), (10)
which is valid for long bond length and small atoms.
Since CO molecule has infinite symmetry around the
molecular axis (C∞v point group), the intensity just depends
on the norm k and polar angle θ of vector k, i.e. 〈I(k)〉ε =
〈I(k, θ)〉ε.
Thus we obtain the following formula for PA-
MFPADs with the Plane Wave and Muffin-tin approxima-
tion for single-scattering,〈
Isingle(k, θ)
〉
ε
= 2kα~ω
∣∣∣T O1 M100 ∣∣∣2
×
1 + 2<
(
eikR(1−cos θ) f C (k, θ)
)
R
cos θ +
∣∣∣ f C (k, θ)∣∣∣2
R2
 (11)
where f C (k, θ) ≡ −4pi∑L TCl YL(kˆ)YL(rˆ) is scattering
amplitude and the superscripts denote the scattering atom,
i.e. C for carbon and O for oxygen. The first term
corresponds to the direct photoemission which does not
contain any scatterings after the excitation of core electron
to the continuum state. For PA-MFPADs, it has no angular
dependency because of the polarization average. The third
term is for the single scattering one by the carbon atom.
The second term corresponds to the interference between
the direct and single scattered waves. This term creates the
so-called flower shape at intermediate angles.
In the case of double-scattering, the PA-MFPADs
intensity becomes
〈Idouble(k, θ)〉ε = 2kα~ω
∣∣∣ T O1 M100∣∣∣2
×
1 +
∣∣∣ f C(k, θ)∣∣∣2
R2
+
∣∣∣ f O(k, pi − θ) f C(k, pi) ∣∣∣2
R4
+
2<
(
eikR(1−cos θ) f C(k, θ)
)
R
cos θ
+
2<
(
e2ikR f O(k, pi − θ) f C(k, pi)
)
R2
cos θ
+
2<
(
eikR(1+cos θ) f ∗C(k, θ) f O(k, pi − θ) f C(k, pi)
)
R3
.(12)
Comparing to the single scattering case, the third, fifth and
sixth terms appeared. The order of R denominator describes
the propagation of photoelectron, higher the order smaller
the contribution. The third term is pure double scatterings
intensity. The fifth and sixth describe double scattering with
carbon atom to the backward then scattered by the oxygen
atom and vice versa.
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2.3. Forward- and backward-intensities as a function of
bond length R : EXAFS-like formulas
The forward (θ = 0)- and backward (θ = pi)- intensities
for single scattering are,〈
Isingle(k, 0)
〉
ε
= 2kα~ω
∣∣∣ T O1 M100 ∣∣∣2
×
1 + 2<
(
f C (k, 0)
)
R
+
∣∣∣ f C (k, 0)∣∣∣2
R2
 , (13)〈
Isingle(k, pi)
〉
ε
= 2kα~ω
∣∣∣ T O1 M100 ∣∣∣2
×
1 − 2<
(
e 2ikR f C (k, pi)
)
R
+
∣∣∣ f C (k, pi)∣∣∣2
R2
 . (14)
We see that only the backward-intensity
〈
Isingle(k, pi)
〉
ε
oscillates as a function of kR in the case of single scattering.
For double scattering, the forward (θ = 0) and backward
(θ = pi) intensities are,
〈Idouble(k, 0)〉ε = 2kα~ω
∣∣∣ T O1 M100∣∣∣2
×
1 +
∣∣∣ f C(k, 0)∣∣∣2
R2
+
∣∣∣ f O(k, pi) f C(k, pi) ∣∣∣2
R4
+
2<
(
f C(k, 0)
)
R
+
2<
(
e2ikR f O(k, pi) f C(k, pi)
)
R2
+
2<
(
e2ikR f ∗C(k, 0) f O(k, pi) f C(k, pi)
)
R3
, (15)
〈Idouble(k, pi)〉ε = 2kα~ω
∣∣∣ T O1 M100∣∣∣2
×
1 +
∣∣∣ f C(k, pi)∣∣∣2
R2
+
∣∣∣ f O(k, 0) f C(k, pi) ∣∣∣2
R4
−
2<
(
e2ikR f C(k, pi)
)
R
−
2<
(
e2ikR f O(k, 0) f C(k, pi)
)
R2
+
2<
(
f ∗C(k, pi) f O(k, 0) f C(k, pi)
)
R3
. (16)
We see that now the forward-intensity also oscillates with
2kR. These equations may explain the trend of PA-
MFPADs.
From the experimental point of view, it would be
significantly easier to extract variation of the ratio of
backward- and forward-intensities rather than extracting the
intensity variations of backward- and forward-intensities
themselves. Thus, it is worth considering their ratio
here. Figure 2 depicts the intensity ratio of forward- and
backward-intensity peaks of oxygen 1s PA-MFPADs of
CO2+ as a function of the C-O bond length R from 1.1283
Å (equilibrium bond length in ground state) to 2.1283 Å,
obtained by the full-multiple scattering calculations using
Full-potential method [1]. We can clearly see the EXAFS
oscillation in the ratio. In order to describe this oscillation
with an analytical formula, we employ the single-scatting
approximation, which captures the EXAFS oscillation:
η(k,R) ≡
〈
Isingle(k, pi)
〉
ε〈
Isingle(k, 0)
〉
ε
=
a(k,R)
R
cos(2kR − φC(k, pi)) + b(k,R), (17)
where
a(k,R) ≡ − 2R
2
∣∣∣ f C(k, pi)∣∣∣
R2 + 2R< ( f C(k, 0)) + ∣∣∣ f C(k, 0)∣∣∣2 , (18)
b(k,R) ≡ R
2 +
∣∣∣ f C(k, pi)∣∣∣2
R2 + 2R< ( f C(k, 0)) + ∣∣∣ f C(k, 0)∣∣∣2 . (19)
We see that the ratio of backward-intensity against
forward-intensity oscillates with frequency 2kR. The func-
tion φ(k, pi) is a phase factor of the back scattering amplitude
from the carbon atom, f C(k, pi) =
∣∣∣ f C(k, pi)∣∣∣ exp [iφC(k, pi)].
Figure 2. The ratio of backward-intensity to forward-intensity of oxygen
1s PA-MFPADs of CO2+ as a function of C-O bond length R from 1.1283
Å (equilibrium bond length in ground state) to 2.1283 Å for 1σ−15σ−2
state calculated by the Full-potential multiple scattering method (Blue dot)
and its least square fitted result using equation 17 (dashed line).
3. Extracting bond length information from
forward-backward peaks in the PA-MFPADs
Here, we discuss a feasible experimental procedure to
determine the time evolution of the bond length of diatomic
molecules based on the η(k,R) in the form of equation 17.
In equation 17, a(k,R), b(k,R) and φC(k, pi) vary
slowly as a function of R and may be regarded as constant
values. Then the forward-backward intensity ratio η(k,R)
can be well fitted by the EXAFS-like equation
η(k,R) =
a
R
cos(2kR − φ)) + b. (20)
In figure 2, we show the least square fitting with this
equation to the theoretical data calculated by Full-potential
multiple scattering theory. Here the correlation coefficient
is r2 = 0.93166, suggesting that the fitting regarding a, b
and φ as fitting parameters is reasonable. This means that
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η(k,R) works as an experimentally available “bond length
ruler”.
In figure 3, we plotted the deviation of C-O bond
length at the peak positions of η(k,R) against those of Full-
potential calculations, which are obtained by numerical
differentiation. The accuracy of the extracted bond length R
employing equation 20 is estimated to be better than 0.1 Å
as shown in figure 3 (root mean square error: 0.032 Å). The
error on the C-O bond length ∆R has a liner relationship
to the original C-O bond length ROriginal with the tangent
of 0.12472 (correlation coefficient r2 = 1.00). The upper
bound of the relative error ∆R/ROriginal is estimated to be
12.5 % for the limit of sufficiently large C-O bond length.
Figure 3. The deviation of C-O bond length evaluated from the fitting of
equation 17 against the Full-potential calculations displayed in figure 2.
The first major origin of the fitting error on R
is omitting R dependencies of a, φ, and b indicated in
equations 17-19. We neglected the chemical shift of k
estimated to be 2-3 % via our RASPT2/ANO-RCC-VQZP
level of ab-initio theory as in the preceding paper [1].
In addition, equation 17 does not contain the multiple
scattering effects (second order terms in equations 15 and
16, and other higher order terms) included in our Full-
potential multiple scattering calculations. These modulate
the phase of the EXAFS-like fitting equation 20 and induce
the error on the C-O bond length.
Experimentally, one can measure the ratio between
forward- and backward-intensities of PA-MFPADs η(k,R)
by COLTRIMs–Reaction Microscope. Below, we describe
other detection schemes combining impulsive orientation
of the molecule [28]. The orientation of linear molecules
that have dipole moments may be prepared by the phase
controlled two ω − 2ω pulses, say, at 800 nm and 400 nm
[29]. Orientating CO molecules in space, one can measure
η(k,R) with two electron time-of-flight (TOF) spectrome-
ters placed face to face in the direction of the axis of parallel
polarization of four sequential pulses, as shown in figure 4.
This tandem TOF apparatus is often used for the carrier
envelope phase measurements of femotosecond/attosecond
optical pulses and referred as stereo-ATI [30]. Alterna-
tively, one can use a velocity map imaging (VMI) [17]
electron spectrometer instead of two TOF spectrometers.
These approaches may also work for low-repetition-rate
XFELs [17] or high-power high-harmonic generation light
sources [31] as long as two color X-ray pulses are available.
For these forward-backward photoemission measurements
of molecules with the maximally oriented rotational wave
packet, the jitters between the optical lasers and pump and
probe X-ray pulses may need to be corrected [32, 33, 34] by
the shot-by-shot monitoring technique, which has already
been implemented in the XFEL facilities.
Forward electron TOF
Backward electron TOF
O
C
Polarization
ω-2ω
orientation
XFEL 
pump
XFEL 
probe
e−
e−
Figure 4. A schematic description of an experimental set-up for the
forward-/backward-intensity ratio measurements without COLTRIMs–
Reaction Microscope. Here the forward-/backward-intensities are
measured for molecules spatially oriented impulsively by the phase-
coherent two-color (e.g., 800 nm and 400 nm) double pulses, in the
direction parallel to the molecular orientation that coincides with the linear
polarization axis of the two XFEL pulses. Although polarization average
is not taken in this scheme, the ratio thus obtained coincides with η(k,R)
defined in equation 17.
4. Conclusions
In this paper, we theoretically proposed a new
method to experimentally extract the dissociation dynamics
of diatomic molecules via time-resolved PA-MFPADs
measurements using the COLTRIMS–Reaction Microscope
and two-color XFEL pump-probe set-up. The single
scattering approximation with the Muffin-tin approximation
gives us the simple EXAFS-like formula of equation 17.
This formula acts as an experimentally applicable “bond
length ruler” adjusting only three parameters referring to
the experimental results.
The accuracy and applicability of equations 17 was
numerically examined against the bond length dependent
PA-MFPADs of the CO2+ molecule as an in-silico reference
presented in the preceding paper [1]. We analytically
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showed that the EXAFS-like formula gives us the bond
length of the dissociating CO2+ molecule within the
accuracy of 0.05-0.1 Å.
This proposed scheme will become feasible with
the COLTRIMs–Reaction Microscope end station [19]
installed in the SQS beam line of European XFEL [18] and
the DREAM end station equivalent to CORTIMS-Reaction
Microscope [https://lcls.slac.stanford.edu/instruments/l2si]
installed in LCLS-II [20], when two-color femtosecond
soft XFEL operations become available for time-resolved
studies in the near future [20, 21]. Not only these two XFEL
facilities but also any other XFEL facilities usually have a
femtosecond NIR laser systems that may be synchronized
with XFEL pulses and thus used for orientating target
molecules. Then, measurements for the forward-backward
intensity ratios are straightforward and variations of the
bond-length can be extracted from such measurements. We
hope that time-resolved PA-MFPADs will become a new
attractive pathway to make molecular movies visualizing
intramolecular reaction.
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